Abstract. In this paper we determine the linear relations that exist between the free generators of a free Lie algebra L when it is viewed as a module over its enveloping algebra via the adjoint representation. As an application, the annihilator of a homogeneous element of L is determined.
1. Statement of results. Let A" be a commutative associative ring with unit, let L be a free Lie algebra over K (cf. [1] ), and let U be the enveloping algebra of L. We identify L with its image under the canonical injection of L into U. We are interested in the structure of L as a left ¿/-module via the adjoint representation ad: U -> End^L).
Let xx, . . . , xn be arbitrary nonzero elements of L. Let ex, . . . ,e" be the usual basis of the (left) (/-module U":
<?, = (diX,. ..,din)
with dik = 1 for Ä: = 7 and zero otherwise. For 1 < 7, j < n, u, v E U, define e¡(u), ey(u, v) E U" by e¡(u) = (&d(u)x)ue¡, e0(u, v) = (&d(v)Xj)ue¡ + (&d(u)x,)vej, and let E be the tZ-submodule of U" generated by the elements e¡(u), e¡j(u, v) with 1 < i,j < 77, u, v E U. If xx, . . . , x" are homogeneous for some grading of the Lie algebra L, then the elements u, v above can be taken to be homogeneous for the natural grading of U induced by the grading of L. Hence, in this case, E is a homogeneous submodule for the grading of U" defined by saying that («,, . . . , u") E U" is homogeneous of degree k if and only if ux, . . . , u" E U are homogeneous of degree k. If (ux, . . ., un) E E, then we always have the relation
Theorem l.Ifxx,...,xnis a free generating system for L, then ad(".)*i + • • • + adKK = 0 iff(ux, ...,un)EE.
The proof of this theorem (for which we are indebted to the referee) is a minor adaptation of an argument in [2] . Now let / be the ideal of L generated by x,, . . . , x" and let W be the enveloping algebra of L/1. Consider the following conditions on x,,...,
x": (1) The elements xx, . . . , x" are homogeneous for some grading of L; ( 2) The ideal I is a free Lie algebra; (3) The quotient L/1 is a free K-module; (1), (2), (3), (4) In [4] we use Corollary 2 in an essential way to determine the Lie algebra associated to the lower central series of the group <x, y: xp = 1> (/» a prime). We do not know whether the homogeneity condition can be dropped in Corollary 2.
As was pointed out to us by the referee, Corollary 2 includes as a special case the known result (cf. [5, Theorem 5 .10]) that two homogeneous elements of a free Lie algebra over a field K commute if and only if they are linearly dependent. However, the result in. [5] is more general since there it is not assumed that A" is a field. License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
